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Abstrat
The detailed study of a quantum free partile on a pointed plane is performed. It is
shown that there is no problem with a mysterious quantum antientrifugal fore" ating
on a free partile on a plane disussed in a very reent paper: M. A. Cirone et al, Phys. Rev.
A 65, 022101 (2002), but we deal with a purely topologial efet related to distinguishing
a point on a plane. The new results are introdued onerning self-adjoint extensions of
operators desribing the free partile on a pointed plane as well as the role played by
disrete symmetries in the analysis of suh extensions.
PACS numbers: 02.20.Sv, 02.30.Gp, 02.40.-k, 03.65.-w, 03.65.Sq
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I. INTRODUCTION
Although a free partile on a half-line is one of the rst problems ommonly
used in the standard ourses of quantum mehanis, nevertheless the fat that the
properties of the barrier preventing a partile from a motion on the whole line, and
existing bound states are related to self-adjoint extensions of the energy operator
[1, 2℄ is frequently unfamiliar even to working in the eld of quantum theory. Indeed,
the analysis of self-adjointness of operators is usually treated as a boring mathemat-
ial task without any referene to onrete properties of the physial system under
onsideration.
The motivation for this work was the lariation of details of the analysis of
a quantum free partile on a pointed plane. Indeed, the theory of suh quantized
system seems to be far from omplete. This observation is supported by the very
reent paper [3℄ disussing a quantum free partile in two dimensions. First of all,
the authors of [3℄ seem to be unaware of the fat that they do not deal with the
plane R
2
but the pointed plane i.e. R
2\{0, 0}. Furthermore, in spite of the fat that
one an nd in [3℄ the referene to the elebrated monograph [4℄ on the self-adjoint
extensions of symmetri operators in Hilbert spae, the study of suh extensions
whih is ruial for the identiation of bound states of a quantum partile on a
pointed plane is ignored in [3℄.
In this work the detailed analysis of a quantum free partile on a pointed plane
is performed. As a matter of fat some aspets of a quantum partile moving on
a pointed plane in a Coulomb potential have been already investigated by Shulte
[5℄. The properties of the resolvent of the extensions of the Hamiltonian were also
disussed from the mathematial point of view [6, 7℄ (nota bene these works were
not ited in [3℄). Nevertheless, the analysis of the problem performed in this paper
is muh more omplete and physially oriented and we provide the new observa-
tions onerning the self-adjoint extensions of the Hamiltonian for the quantum free
partile on a pointed plane espeially in the ontext of the properties of the an-
gular momentum as well as the important role played by disrete symmetries suh
as the time-reversal one. In partiular, we have determined the energy spetrum
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of the bound states and their expliit onnetion with the extension parameters by
means of muh more simple methods omparing with the advaned mathematial
approahes applied in [5, 6, 7℄.
II. PRELIMINARIES
We begin with a brief disussion of the Hamiltonian of a free partile on the plane
R
2
. In the oordinate representation, the Hamiltonian is given by
Hˆ = − ~
2
2M
(
∂2x + ∂
2
y
) ≡ − ~2
2M
∆2
and the orresponding Hilbert spae is the spae of square integrable funtions
L2 (R2, d2x). It is easy to see that the von Neumann deieny index [4, 8, 9℄ of
∆2 is (0,0) so the Hamiltonian is in this ase essentially self-adjoint and positive
denite as a sum of squares of the self-adjoint momentum operators. Therefore it is
translationaly invariant, its spetrum is R+ (the set of non negative real numbers)
and there are no bound states. This is a simple onsequene of the topology of the
plane: it is homogeneous and simply onneted. A ompletely dierent situation
arises if we extrat from the plane R
2
a single point. In this ase the translational
invariane is lost and the pointed plane R˙
2 = R2 \ {0, 0} is innitely onneted
i.e. its fundamental group is innite yli group. As shown in this work, this fat
has dramati onsequenes for quantum mehanis on R˙
2
. Now the most natural
oordinates for the study of the ase with the pointed plane R˙
2
are the polar oordi-
nates. The origin {0,0} is identied with the hole in R˙
2
. We stress that in the polar
oordinates the origin is a singular point (the Jaobian is going to 0 when r → 0) ,
of ourse this is no problem for the pointed plane R˙
2
where this point is extrated.
However, this an be a soure of misinterpretations when polar oordinates are ap-
plied to the usual plane R
2
, beause in suh a ase we have a hidden extration
of the origin.
The Hamiltonian for a free partile on the pointed plane R˙
2
written in the polar
3
oordinates takes the form
Hˆ = − ~
2
2M
(
∂2
∂r2
+
1
r
∂
∂r
+
1
r2
∂2
∂ϕ2
)
. (2.1)
We designate the orresponding arrier Hilbert spae of the square integrable fun-
tions on R˙
2
by L2
(
R˙
2, rdrdϕ
)
. This spae an be represented as the natural tensor
produt of the form L2 (R+, rdr)⊗L2 (S1, dϕ) where the former is the Hilbert spae
of square integrable funtions (with respet to the measure rdr) on the half-axis R+
whereas L2 (S1, dϕ) denote a Hilbert spae of the square integrable funtions on a
irle S1. We disuss the struture of L2 (S1, dϕ) in the next setion. In view of the
tensor produt struture of the Hilbert spae the Hamiltonian an be written as
Hˆ = − ~
2
2M
[(
∂2
∂r2
+
1
r
∂
∂r
)
⊗ I + 1
r2
⊗ ∂
2
∂ϕ2
]
. (2.2)
Therefore to analyze the problem of self-adjointness of Hˆ , we should proeed in two
steps:
(A) Consider the realizations of the plane rotation group SO (2) and disuss the
self-adjointness of
(
− ∂2
∂ϕ2
)
in the orresponding spae L2 (S1, dϕ).
(B) Find the self-adjoint extensions of Hˆ using the tensor produt deomposition
of Hˆ (2.2).
Let us start with disussion of the Hilbert spae representation of the rotations
on S1.
III. ROTATIONAL SYMMETRY
Bearing in mind an important role of the rotational invariane in the analysis of
the problem, we rst disuss the realizations of SO (2) ≈ U (1) group in a Hilbert
spae H of funtions on S1. Our basi requirement is that the physial states as
well as loal observables (like urrent densities) are periodi in the angle variable ϕ
with the period 2π. Now, the most general ation of SO (2) in H is of the following
form:
Uˆλ (α) f (ϕ) = e
iλαf (ϕ+ α) , (3.1)
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where λ ∈ R. The fator eiλα appears beause the overing group of U (1) is the
additive group of real numbers. Taking into aount (3.1) we see that the above
mentioned projetive struture of H is preserved with the period 2π if for eah
f, g ∈ H
g∗ (ϕ+ 2π) f (ϕ+ α + 2π) = g∗ (ϕ) f (ϕ+ α) (3.2)
for all ϕ and α. To fulll the ondition (3.2) the vetors from H must be quasi
periodi i.e. for eah f ∈ H
f (ϕ+ 2π) = eiθ2pif (ϕ) . (3.3)
for a xed θ ∈ [0, 1). If θ is rational, then f is periodi. Beause the SO (2) invariant
measure on H is (up to a real multiplier χ (eiϕ)) the usual Lebesgue measure dϕ,
therefore the salar produt an be written as
1
(f, g) =
1
2π
∫ 2pi
0
dϕf ∗ (ϕ) g (ϕ) . (3.4)
Notie that the transformation (3.1) preserves the quasi periodiity ondition
(3.3). Hereafter we will denote the Hilbert spae of the square integrable quasi
periodi funtions satisfying the quasi periodiity ondition (3.3) and with the salar
produt (3.4) by L2 (S1, dϕ)θ.
We now return to the realization (3.1) of SO (2). From the Stone theorem we
know that Uˆλ (α) is generated by a self-adjoint operator Jˆλ via the exponential map
Uˆλ (α) = e
iαJˆλ . (3.5)
Taking into aount of (3.1) and (3.5) we nd that
Jˆλ = −i ∂
∂ϕ
+ λ. (3.6)
Eqs. (3.3),(3.4) and (3.6) taken together yield
(
f, Jˆλg
)
=
(
Jˆλf, g
)
. Thus Jˆλ = Jˆ
†
λ
and onsequently Jˆλ is essentially self-adjoint. The domain of Jˆλ ontains absolutely
1
In the Hilbert spae of quasi periodi funtions the salar produt an be dened as (f, g) =
limT→∞
1
T
∫
T
0
dϕf∗ (ϕ) g (ϕ). It is easy to see that this produt redues to (3.4) for a subspae
determined by the ondition (3.3) with a xed θ.
5
ontinuous funtions f from L2 (S1, dϕ)θ suh that
∂
∂ϕ
f ∈ L2 (S1, dϕ)θ too. This
an be veried also by means of the standard theory of self-adjoint extensions of
symmetri operators of von Neumann and Krein [4, 8, 9℄. Indeed, the solutions of
the equations
Jˆ
†
λf± = ±if±
i.e.
∂
∂ϕ
f± = (−iλ∓ 1) f±
are (up to normalization)
f± (ϕ) = e(−iλ∓1)ϕ.
Of ourse f± do not belong to L2 (S1, dϕ)θ. Consequently, the deieny index of
Jˆλ is (0,0) i.e. Jˆλ is essentially self-adjoint.
The next important question is related to the spetrum of Jˆλ. The eigenvalue
equation
Jˆλfµ = µfµ (3.7)
has the solutions of the form
fµ (ϕ) = e
i(µ−λ)ϕ. (3.8)
Beause fµ ∈ L2 (S1, dϕ)θ they satisfy the quasi periodiity ondition (3.3) and
onsequently
µ = λ+ θ − [λ+ θ] + l ≡ ǫ+ l, (3.9)
where l is integer and ǫ ∈ [0, 1). The symbol [x] designates the biggest integer in x.
Notie that for λ = 0, we have ǫ = θ. Finally, we remark that the transformation
Vτf (ϕ) := e
iτϕf (ϕ) ≡ f˜ (ϕ) , τ ∈ (0, 1) (3.10)
maps unitarily L2 (S1, dϕ)θ into L
2 (S1, dϕ)θ˜, where θ˜ = θ− τ + h (τ − θ); here h(x)
is the Heaviside step funtion. Notie that for θ 6= θ˜ these spaes are orthogonal
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in the sense of the salar produt (f, g) = limT→∞ 1T
∫ T
0
f ∗g. Finally, onsider the
unitary phase operator Vˆ dened by
Vˆ f (ϕ) := eiϕf (ϕ) . (3.11)
It is evident that Vˆ preserves the quasi periodiity ondition (3.3) and onsequently
ats unitarily in L2 (S1, dϕ)θ. We an interpret Vˆ as a position operator on the
irle. Using (3.6) and (3.11) we get
Vˆ Jˆλ = (Jλ − 1) Vˆ (3.12)
so Vˆ and Vˆ † are the ladder operators. Furthermore, we an represent Vˆ as Vˆ = eiϕˆ,
where the self-adjoint angle operator ϕˆ is dened as
ϕˆf (ϕ) =
(
ϕ− 2π
[ ϕ
2π
])
f (ϕ) (3.13)
to preserve the quasi periodiity ondition. Beause ϕˆ is bounded therefore its
domain is the whole spae L2 (S1, dϕ)θ.
IV. THE OPERATOR −∂2/∂ϕ2 ≡ Dˆ2
As was disussed in the previous setion, to preserve periodiity of the irle S1
under rotations on the level of the Hilbert spae representation, it is neessary to
deal with the spae of quasi periodi funtions. For this reason a sensible disussion
of the operator− ∂2
∂ϕ2
as a self-adjoint operator with SO (2) invariant domain must be
given in the ontext of the spae L2 (S1, dϕ)θ. Notie, that the ation of − ∂
2
∂ϕ2
does
not violate the quasi periodiity ondition (3.3) and onsequently leaves invariant the
domain L2 (S1, dϕ)θ. Taking into aount the form of the salar produt (3.4) and
quasi periodiity ondition (3.3) we obtain
(
f, Dˆ2g
)
=
(
Dˆ2†f, g
)
. Thus Dˆ2† = Dˆ2
i.e. it is essentially self-adjoint in L2 (S1, dϕ)θ. Indeed, it is easy to verify that the
deieny spaes for D2† in L2 (S1, dϕ)θ are zero dimensional so the orresponding
deieny index is (0,0) . The domain of Dˆ2 ontains funtions suh that ∂
2
∂ϕ2
f ∈
L2 (S1, dϕ)θ. Therefore, we have
Dˆ2 =
(
Jˆλ − λ
)2
. (4.1)
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Consequently, the spetrum of Dˆ2 in L2 (S1, dϕ)θ is of the form (see eq.(4.1) and
(3.9))
(θ +m)2 , m ∈ Z, (4.2)
where Z designates the set of integers. The ommon eigenvetors of Jˆλ and Dˆ
2
(see
eq. (3.8)) an be rewritten in the more onvenient form with respet to Dˆ2, namely
fθ,m (ϕ) = e
i(m+θ)ϕ. (4.3)
It should be noted that for λ = 0 we have m = l, however in general m = l− [λ+ θ].
We nally reall that in the n > 2 dimensional ase the orresponding rotation
group SO (n) is not innitely many onneted as it takes plae in the SO (2) ase
as well as the rst fundamental group for R˙
n
, n > 2, is trivial ontrary to the
n = 2 ase. This is the reason of the qualitative distintions between free quantum
mehanis on R˙
2
and R˙
n
, n > 2.
V. QUANTUM HAMILTONIAN FOR A FREE MOTION ON R˙
2
Now we are in a position to nd all self-adjoint extensions of the Hamiltonian (2.2)
whih ats in the tensor produt L2 (R+, rdr)⊗ L2 (S1, dϕ)θ with a xed θ ∈ [0, 1).
In view of our observations from setions III and IV, L2 (S1, dϕ)θ is the diret sum
of the one dimensional eigenspaes H(θ,m) = span{fθ,m (ϕ)} of Jˆλ and Dˆ2. Thus Hˆ
ats in the diret sum of the tensor produts L2 (R+, rdr)⊗H(θ,m), i.e. in
L2 (R+, rdr)⊗ L2
(
S1, dϕ
)
θ
=
⊕
m∈Z
L2 (R+, rdr)⊗H(θ,m). (5.1)
Using (2.2),(4.1),(4.2) and (4.3) we nd that the Hamiltonian takes the following
form in a subspae L2 (R+, rdr)⊗H(θ,m):
Hˆθ,m = − ~
2
2M
(
∂2
∂r2
+
1
r
∂
∂r
− (θ +m)
2
r2
)
⊗ I. (5.2)
Our purpose now is to determine the possible deieny spaes of Hˆ
†
θ,m in the spae
L2 (R+, rdr) with the salar produt
(F,G) =
∫ ∞
0
rdrF ∗ (r)G (r) , (5.3)
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where F,G ∈ L2 (R+, rdr). It is easy to hek that Hˆθ,m is symmetri for G (r)
suh that G′ and G′′ (here prime designates dierentiation with respet to r) also
belong to L2 (R+, rdr) and satisfy the boundary ondition G (0) = G
′ (0) = 0. The
onjugate operator Hˆ
†
θ,m has also the form (5.2) however its domain is in general
larger than Hˆθ,m. In order to nd the self-adjoint extensions of Hˆ we apply the von
Neumann-Krein method. We seek the solutions of the eigenvalue equations
Hˆ
†
θ,mF±m (r) = ±iκF±m (r) , (5.4)
where κ ∈ R is introdued to keep the dimension of the right hand side of (5.4);
however as shown in the next setion, it has a denite physial meaning. From (5.2)
and (5.4) it follows that
F±m (r) = C1Im+θ
( r
~
√∓i2Mκ
)
+ C2Km+θ
( r
~
√∓i2Mκ
)
, (5.5)
where Iµ and Kν are the modied Bessel funtions and MaDonald funtions, re-
spetively. Now, from the asymptoti behavior of Iµ and Kν in the regions r → 0
and r →∞ (see Appendix) we dedue that (5.5) are elements of L2 (R+, rdr) only
for (m+ θ) ∈ (−1, 1). Therefore m = 0 and θ ∈ [0, 1) or m = −1 and θ ∈ (0, 1).
Thus for m 6= 0,−1 and for m = −1 and θ = 0 the deieny indies are (0,0) so
Hˆθ,m is in these ases essentially self-adjoint. On the other hand, Hˆ0,0 and Hˆθ 6=0,−1
are only symmetri beause (5.4) has for suh Hθ,m the solutions
Kθ
( r
~
√∓i2Mκ
)
and K1−θ
( r
~
√∓i2Mκ
)
, (5.6)
respetively from L2 (R+, rdr).
Now, beause we are looking for the self-adjoint extensions of Hˆ we must solve
the equation
HˆΨ± = ±iκΨ±. (5.7)
Expanding Ψ± with respet to fθ,m (ϕ) given by (4.3), using (2.2) and the above
results we nd that
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for θ = 0 we have one solution for (+) and one for (−)
Ψ
(0,0)
± =
2
~
√
2Mκ
π
K0
( r
~
√∓i2Mκ
)
, (5.8)
for θ ∈ (0, 1) we have two solutions for (+) and two for (−)
Ψ
(θ,0)
± =
2
~
√
2Mκ cos
(
θpi
2
)
π
Kθ
( r
~
√∓i2Mκ
)
eiθϕ,
Ψ
(θ,−1)
± =
2
~
√
2Mκ sin
(
θpi
2
)
π
K1−θ
( r
~
√∓i2Mκ
)
ei(θ−1)ϕ.
(5.9)
Therefore, in the ase of θ = 0 the deieny index of Hˆ is (1,1) and for θ 6= 0 it is
(2,2) . Thus, applying the von Neumann-Krein theory we arrive in the former ase
at the one parameter family of extensions and in the latter ase the four parameter
family. We remark that the parameters labelling the family of self-adjoint extensions
of the Hamiltonian are usually related to the properties of a barrier. An exellent
example is a partile in a box [10, 11, 12℄. The authors do not know suh relationship
in the disussed highly nontrivial ase of the pointed plane.
A. The ase θ = 0
We now disuss the ase with θ = 0 (see (5.8)) . Aording to the von Neumann-
Krein theory the domain of Hˆ ontains in this ase the vetors of the form
Ψ0 (r, ϕ) = χ0 (r, ϕ) + C
(
K0
( r
~
√−i2Mκ
)
+ eiηK0
( r
~
√
i2Mκ
))
, (5.10)
where χ0 (0, ϕ) = χ
′
0 (0, ϕ) = 0, C is an arbitrary omplex number and η ∈ [−π, π)
x the domain. Of ourse χ0 (r, ϕ) ∈ L2 (R+, rdr) ⊗ L2 (S1, dϕ)0 in this ase. In
partiular, χ0 (r, ϕ+ 2π) = χ0 (r, ϕ).
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B. The ase θ ∈ (0, 1)
The ase of θ ∈ (0, 1) (see (5.9)) is more ompliated than the ase with θ = 0
disussed above. Applying the von Neumann-Krein theory we nd that the domain
of Hˆ ontains the vetors of the form
Ψθ (r, ϕ) = χθ (r, ϕ) + (A,B)



 Ψ(θ,0)+ (r, ϕ)
Ψ
(θ,−1)
+ (r, ϕ)

 + U

 Ψ(θ,0)− (r, ϕ)
Ψ
(θ,−1)
− (r, ϕ)



 , (5.11)
where χθ (0, ϕ) = χ
′
θ (0, ϕ) = 0, χθ (r, ϕ) ∈ L2 (R+, rdr) ⊗ L2 (S1, dϕ)θ i.e.
χθ (r, ϕ+ 2π) = e
i2piθχθ (r, ϕ), (A,B) is arbitrary omplex two dimensional row ve-
tor, Ψ± are given by (5.9) and U is a xed unitary 2 × 2 matrix dening this self-
adjoint extension. Therefore, demanding the rotational invariane of the domain of
Hˆ i.e. preservation of the form of the seond term in the eq. (5.11), applying Uˆλ (α)
(see (3.1) and (3.5)) to both sides of the eq.(5.11) and absorbing irrelevant phases
in the row (A,B) we nd that the matrix U must be diagonal. Thus it turns out
that the rotational invariane redues the family of extensions to the two parameter
one. More preisely, we an write (5.11) in the form
Ψθ (r, ϕ) = χθ (r, ϕ) + Ae
iθϕ
(
Kθ
( r
~
√−i2Mκ
)
+ eiρKθ
( r
~
√
i2Mκ
))
+Bei(θ−1)ϕ
(
K1−θ
( r
~
√−i2Mκ
)
+ eiηK1−θ
( r
~
√
i2Mκ
))
,
(5.12)
where ρ, η ∈ [−π, π) are onstants parametrizing the self-adjoint extensions of Hˆ .
VI. THE SPECTRUM OF Hˆ
As is well known and easy to show, the spetrum of Hˆ ontains ontinuous non
negative part from 0 to innity and possible bound states orresponding to negative
energies. We now onentrate on the negative energy ase. Sine the Hamiltonian
ommute with Uˆλ (α) it an be diagonalized in the negative part of its spetrum
together with Uˆλ (α) . Consequently, the eigenstates of Hˆ have determined value of
m. Therefore, the eigenvalue equation for the radial part of the eigenvetor of Hˆ
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an be written as
Hˆθ,mΨ
(θ,m)
E (r) = −|E|Ψ(θ,m)E (r) . (6.1)
The general solution to (6.1) is expressed (up to normalization) by the MaDonald
funtions
Ψ
(θ,m)
E (r, ϕ) = Ψ
(θ,m)
E (r) e
i(θ+m)ϕ = Kθ+m
( r
~
√
2M |E|
)
ei(θ+m), (6.2)
where (θ +m) ∈ (−1, 1) beause Kθ+m ∈ L2 (R+, rdr) only when this ondition is
valid. In the following we onsider the ases θ = 0 and θ 6= 0 separately.
A. The ase θ = 0
We rst study the ase of θ = 0 (so m = 0). Sine the orresponding solutions
Ψ
(0,0)
E of (6.1) belong to domain of Hˆ therefore it is of the form (5.10), that is
Ψ
(0,0)
E (r) = χ
(0,0)
E (r) + CE
(
K0
( r
~
√−i2Mκ
)
+ eiηK0
( r
~
√
i2Mκ
))
≡ K0
( r
~
√
2M |E|
)
, η ∈ [−π, π). (6.3)
Therefore
χ
(0,0)
E (r) = K0
( r
~
√
2M |E|
)
− CE
(
K0
( r
~
√−i2Mκ
)
+ eiηK0
( r
~
√
i2Mκ
))
,
(6.4)
where χ
(0,0)
E (0) = 0 and
∂
∂r
χ
(0,0)
E (r)
∣∣∣
r=0
= 0. If we apply the last ondition satised
by χ(0,0) (r) by taking the derivative of both sides of (6.3) with respet to r and make
use of some elementary properties of the MaDonald funtions (see Appendix) we
get
E = −κe−pi2 tan η2 , (6.5)
CE =
1
1 + eiη
. (6.6)
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Figure 1: The probability density W 20 (r) = r|Ψ(0,0)E (r) |2 with respet to the measure
dr (not rdr), where Ψ
(0,0)
E is given by eq. (6.2) and r =
√
x2 + y2. Notie that W 20 (r)
approahes zero when r tends to zero.
Figure 2: Energy of the bound state (6.5). We point out that we have one-to-one orre-
spondene between η and the energy E(η) of the bound state. Therefore E an be treated
as the extension parameter instead of η.
In view of (6.5) it is lear that the parameter κ xes the energy sale. Moreover,
for a xed self-adjoint extension given by the onrete η we have only one bound
state. Notie that for η = −π we have singularity in the formula (6.5) and (6.6) i.e.
there is no nite energy bound state for η = −π.
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B. The ase θ ∈ (0, 1)
We now investigate the ase with θ ∈ (0, 1). In this ase m takes the values 0 or
-1.
• For m = 0 we have from (5.12) and (6.2)
Ψ
(θ,0)
E0
(r, ϕ) = χ
(θ,0)
E0
(r) eiθϕ + AE0e
iθϕ
[
Kθ
( r
~
√−i2Mκ
)
+ eiρKθ
( r
~
√
i2Mκ
)]
≡ Kθ
( r
~
√
2M |E0|
)
eiθϕ.
(6.7)
By applying the same proedure as before we nd that
E0 = −κ
(
cos
(
ρ
2
+ θ pi
4
)
cos
(
ρ
2
− θ pi
4
)
) 1
θ
(6.8)
and the solution (6.8) to (6.7) exists only for
ρ ∈
(
−π + θπ
2
, π − θπ
2
]
. (6.9)
The onstant AE0 is given by
AE0 = −
e−i
ρ
2√
2
(
cos ρ+ cos
(
θ pi
2
)) . (6.10)
• For m = −1 we obtain from (5.12) and (6.2)
Ψ
(θ,−1)
E−1
(r, ϕ) = χ
(θ,−1)
E−1
(r) ei(θ−1)ϕ
+BE−1e
i(θ−1)ϕ
[
K1−θ
( r
~
√−i2Mκ
)
+ eiηK1−θ
( r
~
√
i2Mκ
)]
≡ K1−θ
( r
~
√
2M |E−1|
)
ei(θ−1)ϕ.
(6.11)
The same proedure as before leads to
E−1 = −κ
(
cos
(
η
2
+ (1− θ) pi
4
)
cos
(
η
2
− (1− θ) pi
4
)
) 1
1−θ
, (6.12)
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BE−1 =
e−i
η
2√
2
(
cos η + sin
(
θ pi
2
)) . (6.13)
The solutions (6.12) exist only for
η ∈
(
− (1 + θ) π
2
, (1 + θ)
π
2
]
. (6.14)
In summary, in the ase of θ 6= 0 we have three possibilities:
• there are no bound states when ρ and η do not satisfy (6.9) and (6.14);
• there is one bound state if only one from the parameters ρ, η satisfy (6.9) or
(6.14);
• there are two bound states if both ρ and η satisfy (6.9) or (6.14).
VII. THE TIME REVERSAL SYMMETRY
In this setion we analyze the role of the time reversal symmetry. More preisely,
we show that suh symmetry whih is most natural for the disussed ase of a
free dynamies onsiderably redue the family of possible realizations of quantum
mehanis on R˙
2
.
The operator of time inversion must be antiunitary to preserve the anonial
struture of quantum mehanis. In our ase its ation on the wave funtions ψ (r, ϕ)
is given by the following formula [13℄:
Tˆ ψ (r, ϕ) = ξψ∗ (r, ϕ) , (7.1)
where ξ is a xed phase i.e. |ξ|2 = 1. The sine qua non ondition to disuss
the role of Tˆ is its existene in the Hilbert spae under onsideration that is in
L2 (R+, rdr)⊗L2 (S1, dϕ)θ. Therefore, if Tˆ symmetry is required, the domain of Hˆ
should be invariant under the ation of Tˆ .
It is obvious that in order to dene Tˆ in the above produt spae it is enough
to dene it in the spaes L2 (R+, rdr) and L
2 (S1, dϕ)θ separately. In L
2 (R+, rdr)
the ation (7.1) is well dened beause it does not aet the asymptoti behavior of
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vetors in the spatial innity (r → ∞) . Nevertheless, in L2 (S1, dϕ)θ the situation
is dierent. Applying Tˆ to the dening relation (3.3) for the quasi periodi funtions
we get
Tˆ f (ϕ+ 2π) = e−i2piθTˆ f (ϕ) (7.2)
following from the antiunitarity of Tˆ . Consequently, the onditions (3.3) and (7.2)
are ompatible only for θ = 0 or θ = 1
2
i.e. for periodi and antiperiodi funtions
with the period 2π. Therefore, the time inversion operation an be dened only
for these two ases i.e. in the spaes L2 (R+, rdr)⊗ L2 (S1, dϕ)0 or L2 (R+, rdr)⊗
L2 (S1, dϕ) 1
2
Now, let us analyze the invariane of the domain of the Hamiltonian
Hˆ in these two ases.
The ase θ = 0
By applying Tˆ to both sides of (5.10), using (K0 (z))
∗ = K0 (z∗), absorbing a phase
in C∗ and taking into aount that the omplex onjugation does not hange the
boundary onditions for χ0 (r, ϕ), we again obtain for TˆΨ0 the same relation (5.10).
Thus the domain of Hˆ is in this ase Tˆ -invariant.
The ase θ = 1
2
By applying Tˆ to both sides of (5.12) we nd that Tˆψ 1
2
satisfy the same form of
(5.10) if ρ = η i.e. we arrive at the following family of extensions:
Ψ 1
2
(r, ϕ) = χ 1
2
(r, ϕ) +
(
Aei
ϕ
2 +Be−i
ϕ
2
) e−√Mκ~ r√
r
(
ei
√
Mκ
~
r + ei(η−
pi
4
)e−i
√
Mκ
~
r
)
,
(7.3)
where we have used the expliit form of the funtion K 1
2
(z) (see Appendix) , χ 1
2
satises as before the standard boundary onditions in r = 0, i.e. χ 1
2
(0, ϕ) =
χ′1
2
(0, ϕ) = 0, A and B are arbitrary omplex numbers and η ∈ [−π, π). Thus
analogously as for θ = 1
2
we also obtain in the ase of θ = 0 the one-parameter
family of extensions.
We now disuss the bound states. As mentioned above, in the ase with θ = 0
the time reversal symmetry does not imply any additional ondition. Therefore, in
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this ase our earlier observations onerning bound states hold true. On the other
hand, in the ase θ = 1
2
the additional ondition η = ρ redues possible spetrum
of negative energy states. Namely, we have in this ase doubly degenerate energy
level:
E ≡ E0 = E−1 = −κ
(
cos
(
η
2
+ pi
8
)
cos
(
η
2
− pi
8
)
)2
, η ∈
(
−3
4
π,
3
4
π
]
(7.4)
Figure 3: Energy of the bound state (7.4). It should be noted that we have analogous
situation as in Fig.2 referring to the energy of the bound state (6.5).
orresponding to the eigenfuntions
Ψ
( 1
2
,0)
E (r, ϕ) =
√
2
√
2M |E|
~
e−
r
~
√
2M |E|
√
r
e
iϕ
2 ,
Ψ
( 1
2
,−1)
E (r, ϕ) =
√
2
√
2M |E|
~
e−
r
~
√
2M |E|
√
r
e−
iϕ
2 . (7.5)
If η does not belong to the interval (−3
4
π, 3
4
π] then Hˆ does not have negative
energies in its spetrum.
Finally, it should be noted that the form of the SO (2) transformations (3.1) is
redued by Tˆ -symmetry to
Uˆ (α)ψ (r, ϕ) = ψ (r, ϕ+ α) (7.6)
i.e. we have λ = 0. Consequently, the momentum operator Jˆ = ~Jˆ0 has the
spetrum {~m}, where m ∈ Z for θ = 0 and {~ (m+ 1
2
)}, where m ∈ Z, for θ = 1
2
.
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Figure 4: The probability density W 2 (r) = r|Ψ(
1
2
,0)
E (r) |2 (with respet to the measure
dr), where Ψ
( 1
2
,0)
E (r) is given by (7.5). The behavior of W
2 (r) at the origin is similar to
W 20 (r) presented in Fig.1.
Finally, we omment on some statements of the paper [3℄. First of all, the analysis
of the two dimensional quantum mehanis by authors of [3℄ is related to the pointed
plane R˙
2
rather than to the plane R
2
. Indeed, by using the polar oordinates they
extrat the origin from the oordinate frame and eetively work with the pointed
plane R˙
2
whih has ompletely dierent topology. Furthermore, in our opinion
the formation of the bound states is, as was shown above, a onsequene of the
hange of the topology of the onguration spae and it is not the result of the
attrative entrifugal fore. In fat, let us look at the radial Hamiltonian Hˆθ,m (5.2).
After unitary transformation Ψ (r)→ u(r)√
r
mapping L2 (R2, rdr) into L2 (R2, dr) the
eigenvalue equation (6.1) takes the form
~
2
2M
(
∂2
∂r2
− (θ +m)
2 − 1
4
r2
)
u
(θ,m)
E (r) = |E|u(θ,m)E (r) (7.7)
In the ase of the bound state disussed in [3℄ we have θ = 0 and m = 0 (i.e s-
wave) and the entrifugal potential is indeed attrative. Nevertheless for
1
2
≤ θ < 1
and m = 0 (or 0 < θ ≤ 1
2
and m = −1) this eetive potential is evidently repulsive
or vanish in the Tˆ -symmetri ase with θ = 1
2
, nevertheless the bound states an
exists also in these ases as is evident from our disussion in setion VI. Moreover,
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in these ases the angular momentum does not vanish (it equals ~θ for m = 0 or
(θ − 1) ~ for m = −1, respetively) .
We remark that an advantage of the method of the self-adjoint extensions of
symmetri operators applied in this work in omparison with the approah based
on the formal Dira distribution potential (Fermi pseudopotential) [4, 14℄ is that we
an more naturally interprete the extension parameters as related to the boundary
onditions speifying what happens in the extrated point. On the other hand, we
would like to stress one more that the theory of self-adjoint extensions applied
herein is the most adequate tool for the study of suh subtle problems as quantum
mehanis on a pointed plane.
APPENDIX
The general solution to the equation [15℄
∂2
∂r2
χ (r) +
1
r
∂
∂r
χ (r)−
(
1 +
µ2
r2
)
χ (r) = 0
an be written in the form
χ (r) = C1Iµ (r) + C2Kµ (r) ,
where Iµ and Kµ are the modied Bessel and MaDonald funtions, respetuvely.
Asymptoti behavior of Iµ and Kµ funtions
• µ 6= 0
for |z| → 0 we have
Iµ (z) ∼ 1
Γ (µ+ 1)
(z
2
)µ
,
Kµ (z) ∼ 1
2
Γ (µ)
(z
2
)−|µ|
,
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for |z| → ∞ the asymptoti formulas an be written as
Iµ (z) ∼ e
z
√
2πz
,
Kµ (z) ∼
√
π
2z
e−z,
• µ = 0
for |z| → 0 we have
K0 (z) ∼ ln 2
z
,
for |z| → ∞ the asymptoti relations an be written in the form
I0 (z) ∼ e
z
√
2πz
,
K0 (z) ∼
√
π
2z
e−z,
Some useful identities for Kµ
Kµ (z) = K−µ (z) ,
(Kµ (z))
∗ = Kµ (z∗) , where µ ∈ R,
−2µ
z
Kµ (z) = Kµ−1 (z)−Kµ+1 (z) ,
−2K ′µ (z) = Kµ−1 (z) +Kµ+1 (z) ,
d
dz
(zµKµ (z)) = −zµKµ−1 (z) ,
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ddz
(
z−µKµ (z)
)
= −z−µKµ+1 (z) ,
K 1
2
(z) =
√
π
2z
e−z,
∫ ∞
0
xKµ (ax)Kµ (bx) dx =
π (ab)−µ (a2µ − b2µ)
2 sin (µπ) (a2 − b2) ,
where Re (a+ b) > 0 and |Reµ| < 1. In the limit µ = 0 the above formula takes the
form ∫ ∞
0
xK0 (ax)K0 (bx) dx =
ln a− ln b
a2 − b2 .
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